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Abstract 
Mynhardt, C.M., Lower Ramsey numbers for graphs, Discrete Mathematics 91 (1991) 
69-75. 
Let p(G) denote the smallest number of vertices in a maximal clique of the graph G, while 
i(G) (the independent domination number of G) denotes the smallest number of vertices in a 
maximal independent (i.e. independent dominating) set of G. For given integers 1 and m, the 
lower Ramsey number s(l, m) originally defined in [4], is the largest integer p such that every 
graph G of order p has p(G) <I or i(G) sm. We find an upper bound for s(l, m) which is 
better than the upper bound in [4] if I< ]m/2]. Combining this upper bound with a lower 
bound determined in [3], the numbers ~(1, m) are determined exactly. 
1. Introduction 
A clique of a graph G = (V, E) is a subset S of V such that the subgraph G[S] 
of G induced by S is complete. The clique number w(G) is the largest number of 
vertices in a clique of G, while p(G) denotes the smallest number of vertices in a 
maximal clique of G. Similarly, the largest (smallest) number of vertices in a 
maximal independent (i.e. independent dominating-cf. [l, p. 3091) set of G is 
the independence number /3(G) (the independent domination number i(G)) of G. 
Clearly, S is a clique of G iff S is an independent set of the complement of G of G 
and hence p(G) = i(c) and o(G) = P(G). 
For positive integers I and m, the Ramsey number r(l, m) is the smallest 
integer p such that every graph G of order p has w(G) 2 1 or /3(G) 2 m. 
Analogously, the number ~(1, m) is the largest integer p such that every graph G 
of order p has p(G) c 1 or i(G) s m. Since P(G) and w(G) can also be regarded 
as the upper independence and clique numbers of G, and i(G) and p(G) as the 
lower independence and clique numbers of G respectively, we shall refer to the 
numbers ~(1, m) as the lower Ramsey numbers. 
It was shown in [4] that if every graph G of order p has p(G) c 1 or i(G) c m, 
then so has every graph of order less than p. Moreover, it was shown that the 
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lower Ramsey number ~(1, m) exists and that 
I+m+lS’s(l,m)S2(1+m)-1. 
For the sake of convenience the proof is repeated here. 
Theorem 1. For any positive integers I and m, the lower Ramsey number ~(1, m) 
exists, and 
Proof. Let M be the set of all positive integers p such that every graph G of order 
p has p(G) s 1 or i(G) s m. Clearly, 1 E M and hence A4 # 0. Let H be the graph 
of order 2(1+ m) with V(H) = VI U V,, where VI n V, = 0 and H[V,] = Kr+, while 
mG1 = K+m. Join the vertices in VI to the vertices in V, in such a way that the 
spanning bipartite subgraph of H induced by these edges is Z-regular. It is easy to 
see that p(H) = I + 1 and i(H) = m + 1. Hence M is bounded above, so that M 
has a largest member. We have therefore proved that s(l, m) exists and that 
s(l, m) < 2(1 + m). 
To prove that s(l, m) 2 I + m + 1, suppose the contrary and let G be a graph of 
order I + m + 1 such that p(G) sI+ 1 and i(G) urn + 1. It is obvious that 
V(G) = V, U V, with G[V,] = K,+l, G[V2] = Km+l, VI rl V, = {v} and that p(G) = 
1+ 1, i(G) = m + 1. Let u E V, - {v}. If u is isolated in G, then p(G) = 1 <I + 1, 
a contradiction. If u is not isolated in G, then u is adjacent to a vertex w in 
VI - {v}. But then (V, - { u, v}) U {w} contains a maximal independent set of G 
of cardinality at most m -again a contradiction. Therefore s(l, m) 2 I + m + 
1. cl 
We now determine an upper bound for s(l, m) which is smaller than 
2(1+ m) - 1 if l< [m/2]. More precisely, for 1 and m fixed, let 
N,={(a,b)EZ+xT] a~b,ab~manda(b+l)~m} 
(where Z+ denotes the set of all positive integers) and define f : N,,, ---, Z+ by 
f(a, b) = (a + l)(b + 1) + (m - ab) + [(m - ab)/(a + I)]. 
We prove that 
s(l, m) c min{f(a, 6)) - 1. 
This is done by explicitly constructing for each (a, b) E N,, a graph G with f(a, b) 
vertices such that p(G) = I + 1 and i(G) = m + 1. 
2. The construction 
For given positive integers 1 and m, let (a, b) EN,. We construct the graph 
G = G(I, m) as follows: let 
V(G) = VI U - * . U V,,, U WI U. . . U W,,, (disjoint union), 
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where 
Iyl=l forjE{l,...,u+l) 
and 
1 
b ifm=abandje{l,..,u+l},or 
I&l = ifm>abandjE{m-ub+2,...,u+l}; 
b+l ifm>ubandje{l,...,m-ab+l}. 
Add edges such that G[V, U . - * U V,,,] is complete. Furthermore, for each 
iE{l,. . .) a + l}, join every vertex of Wj to every vertex of y. The resulting 
graph is G(I, m). Note that since u(b + 1) 3 m it follows that m - ub < a + 1 and 
hence 
Therefore 
IV(W, m))l = ( l(u + 1) + b(u + 1) ifm =ub, /(a + 1) + b(u - m + ub) + (b .t l)(m - ub + 1) if m > ub 
=f(a, b). 
The construction is illustrated in Fig. 1 for 1 = 2, m = 7, a = 2 and b = 3. In 
Section 3 we prove that y(G(I, m)) = 1 + 1 and i(G(I, m)) = m + 1. 
3. Proof of the upper bound 
Theorem 2. For any positive integers 1 and m and (a, b) EN,,,, the graph G(f, m) 
satisfies 
p(G(l, m)) = I + 1 and i(G(l, m)) = m + 1. 
Fig. 1. G(2, 7) where a = 2 and b = 3 
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Proof. The maximal cliques of G are exactly the sets I$ U {w} for each w E Wj 
andeachjE{l,..., a + l}, and the set V, U. . . U V,+l. Hence p(G) = I+ 1. 
The maximal independent sets of G are the sets ({v} U WI U . . . U W,,,) - M$ 
for each u E y and each j E (1, . . . , a + l}, and the set WI U * * . U W,,,. It is 
easy to verify that 
K(v) u w1. * ‘UWa+l>- Wjl 
m+l ifm=ab,or 
= ifm>abandjE{l,...,m-uab+l}; 
m+2 ifm>ubandjE{m-uab+2,...,u+l} 
while 
wlu- . * u W,+,( = 
m+b ifm =ub, 
m+b+l ifm>ub. 
Therefore i(G) = m + 1. 0 
The next result follows directly from Theorem 2 and the definition of s(l, m) 
and is stated without proof. 
Corollary 1. For any positive integers 1 and m, 
s(l, m) 6 min{f(u, b)} - 1. 
It can be shown that the minimum of the function f over its domain occurs 
when lul- bl is a minimum-see [5] for arithmetical detail. We now state the 
following variation of Corollary 1. 
Corollary 2. Let 1 and m be fixed positive integers and let 
N,,, = {(a, b) E Z+ x Z+ ) u~b,ub~mandu(b+l)~m}. 
Let (a, p) E N,,, be such that lul- PI 4 [cl - dl for all (c, d) E N,,,. Then 
s(l, m) C (a + l)(p + I) + m - Ocp + [(m - (yp)l((u + l)] - 1. 
To see that this upper bound is smaller than 2(f + m) - 1 if I < [m/2], suppose 
first that m is even and let a = 2, b = m/2. Then 
f (a, b) - 1 = 3mJ2 + 31- 1 
<2(1+m)-1 ifl<m/2. 
If m is odd and a = 2, b = (m - 1)/2, then 
f (a, b) - 1 = 3(m - 1)/2 + 31+ 1 
<4(m-1)/2+21+1 ifl<(m-1)/2 
= 2(1+ m) - 1. 
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Hence in each case, if I < ]m/2], then 
min{f(a, b)} - 1< 2(1+ m) - 1. 
For 1 close to [m/2] the upper bound given in Corollary 2 is only a slight 
improvement over 2(1+ m) - 1. However, we show that if the ratio m/l is large, 
then the ratio 2(1+ m)/f(a, p) becomes close to two. 
Proposition 1. Zf m = n21 for some integer n 2 2, then 
2(1+ m)/f (a, p) = 2(n2 + l)l(n + 1)2. 
Proof. Let (Y = n and /? = rd. Then 
2(1+ m)/f (a, p) = 21(n2 + l)/(n + l)(nl + 1) = 2(n2 + l)/(n + 1)2. •i 
Note that 2(n2 + l)/(n + 1)2 + 2. Hence for large n the new upper bound 
offers a substantial improvement over the old. In fact, it is not difficult to see that 
if n 2 4, then f (1, n21) - 1 is closer to the lower bound of I+ n2f + 1 than to the 
old upper bound of 2(1+ n21) - 1. 
Using the existing bounds for s(l, m) it is easy to prove that ~(1, 1) = 3, 
~(1, 2) =5 (also see [4]), ~(2, 2) =7, ~(1, 3) =7, ~(1, 4) = 8 and ~(2, 3) =9 (to 
mention but a few) and details are omitted. Observe that all these values of 
s(l, m) are equal to the respective upper bounds (for ~(1, 4), take o! = p = 2 and 
apply Corollary 2) and it is therefore reasonable to expect that the lower bound is 
not particularly good. Indeed, better lower bounds were determined in [3] and 
using these together with Corollary 1 we are now able to determine ~(1, m) 
exactly. We begin by reformulating Corollary 1 for the case 1 = 1. 
Corollary 3. Let m = n2 + I for some 0 s r =S 2n. Then 
s(1, m) S m + 2n + [rlnl. 
Proof. The result follows directly by taking a = b = n if 0 6 r 6 n and a = n, 
b=n+lifn<rC2n. 0 
Since it was proved in [3] that ~(1, m) s m + 2n + [r/n] it now follows 
immediately that 
~(1, m) = m + 2n + [r/n]. 
Note that the upper bound given in Corollary 2 also implies that, unless 1 = 2 
and m = 3, 
~(1, m) G m + 26 + 21. 
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Since it was also proved in [3] that ~(1, m) 3 m + 26 - 2fl- 1, we see that 
m+2~-2~-1~s(I,m)~m+2fi+21 
and hence the range for ~(1, m) is quite small, particularly for small 1. 
Finally, if I > m/2 and particularly if 1= m, the upper bound s(I, m) s 2(1+ 
m) - 1 may be close to the true value of s(l, m), as is indicated by the following 
result of [3]. 
Theorem 3 [3]. Let 1 and m be positive integers with I = cm, 0 s c c 1. If 
E > 1 - v4c/(c + 1)’ and m is sufJiciently large, then 
~(1, m) 2 (2 - &)(I + m). 
In the special case where c = 1, we get the following corollary. 
Corollary 4 [3]. F or any E > 0 and m sufficiently large, 
s(m, m) 3 (4 - e)m. 
Remark. The results in [3] were obtained after the preliminary research report 
[5], on which the present paper is based, had become available and are included 
here to demonstrate the strength of the new upper bound. Also see Conjectures 1 
and 2. 
4. Concluding remarks and open problems 
It is clear that the determination of ~(1, m) becomes tricky even for relatively 
small values of 12 2 and m and is a hard problem in general. Our first open 
problem therefore is 
Problem 1. Calculate ~(1, m) for more small values of 1 and m. 
It is easy to see that ~(1, m + 1) ~s(l, m) + 1, for suppose that ~(1, m + 1) = 
~(1, m) for some integers 1 and m. Let G’ be a graph of order ~(1, m) + 1 such that 
p(G’) 2 I+ 1 and i(G’) 2 m + 2, and let x and y be non-adjacent vertices of G’. 
Let G be the graph of order ~(1, m) obtained by identifying x and y. If X is any 
maximal independent set of G such that x 4 X, then exactly one of X, X U {x} 
and X U {y} is maximal independent in G’; hence 1x12 m + 1. On the other 
hand, if x E X then the corresponding set X’ of G’ contains both x and y and is 
maximal independent in G’. Therefore IX’1 2 m + 2 from which it immediately 
follows that (XI 2 m + 1. Hence i(G) urn + 1. It is also obvious that p(G) 2 
I+ 1, which is impossible since G has ~(1, m) vertices. Therefore ~(1, m + 1) 2 
~(1, m) + I. 
In view of the known upper bounds for ~(1, m) and the above exact values of 
~(1, m) for 1 = 1, or 1~ 2 and m small, it is also reasonable to expect that 
~(1, m + 1) < ~(1, m) + 2. We thus formulate the following problem. 
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Problem 2. Prove or disprove: 
s(l, m + 1) S s(l, m) + 2. 
In [2], bounds for the product of the independent domination numbers of a 
graph and its complement were discussed. The exact determination of the 
maximum value h(p) of i(G) f i(G) among p-vertex graphs G is still an unsolved 
problem which is directly related to the problem of determining s([, m) as 
indicated in [4]. The next problem is important in view of this relationship as well 
as in the present context. In view of the result stated in Theorem 3, we formulate 
this as a conjecture. 
Conjecture 1. For positive integers I and m with lm/2] s 1~ m, 
s(l, m) = 2(1+ m) - 1. 
Finally, we also conjecture that the new upper bound for s(l, m) is best 
possible if 2 s 1 < [m/2]. 
Conjecture 2. Let 1 and m be positive integers such that 2 s I < Lm/2] and define 
N,={(a,b)Ez+X.q a~b,ab~manda(b+l)~m}. 
Let (a, p) E N, be such that ]CX~ - PI G [cl - d] for all (c, d) E N,,,. Then 
s(f, m) = I+ m + /3 + al + 
i 
0 ifm=a$, 
1 ifm>a/3. 
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